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n ALGOL 68 implementation of Urabe's method for nonlinear periodic dif-

erential systems

. Blom & J.G. Verwer

BSTRACT

Let dx/dt = X(x,t) denote a real nonlinear system of differential equa-
ions periodic in t. Assuming certain smoothness conditions, for these
ystems Urabe established a practical method, based on the method of
alerkin, to compute periodic approximate solutions and to obtain strict
rror bounds. With his method, in the course of calculating the error bounds,
t is also possible to investigate the existence of an exact periodic solu-
ion, as well as the stability. This report contains a computer implementa-
ion of the method of Urabe written in the programming language ALGOL 68.

o illustrate the use of the program it is applied to the van der Pol equa-

ion and a Volterra-Lotka system.
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Numerical software, ALGOL 68.







1. INTRODUCTION
Let
dx _
(1.1) ol X(x,t)

jenote a real nonlinear system of differential equations where x a
are vectors of the same dimension and X(x,t) is smooth and 2m-peri
For this type of differential systems, URABE [3] establishes a pra
nethod, based on the method of Galerkin, to compute 2m-periodic ap
solutions and to obtain strict error bounds. Further he describes
nique to investigate, in the course of calculating error bounds, t
tence and stability of an exact periodic solution.

In [4] Urabe and Reiter discuss all numerical aspects which a
the application of Urabe's method to practical problems. They prop
series of algorithms which lend themselves directly to implementat
computer. In this paper we present a computer implementation of th
of Urabe, written in the programming language ALGOL 68, which apar
ninor modification, is based on the algorithms given by URABE & RE

The computer program shall be described in section 2. Because
fact that almost all programmed algorithms have been given in [4],
not discuss the algorithms and confine ourselves, as much as possi
the ALGOL 68 program. This means, of course, that we shall frequen
to [4]. It also means that this note can not be read without havin
ledge of the paper of Urabe and Reiter. In section 3 we shall, to
the use of the program, apply it to a van der Pol equation [4], an
Volterra-Lotka system [2]. Other demonstrations of the usefulness
nethod, when implemented on a computer, have been given in [1,4,5]

The program has been tested on the CDC Cyber 73-28/174-16 com
curacy: 48 binary digits in the mantissa) of the "Stichting Academ

kencentrum Amsterdam".
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. THE ALGOL 68 PROGRAM

The program consists of 3 routines, viz. GALERKIN, COMPUTE M and
DMPUTER R, and a prelude. The prelude contains declarations of operators
nd procedures which perform standard operations, e.g. the linear algebra
butines all have been placed in the prelude. It further contains mode
afinitions, among others:

mode vec = ref [ ] real

mode covec = ref [ ] compl

mode mat = ref [, ] real

mode vecvec = ref [ ] vec

wo examples, how to use the routines, will be given in section 3.
.1. Galerkin

This routine forms the equations of the determining system [4,(2.9)],
nd computes the vector coefficients aj, j = 0(1)2m, for the periodic ap-

roximation [4,(2.10)]

m
2.1) xm(t) = aO + nzl a2n—1 sin nt + a2n cos nt

o a solution x = % of (1.1). The meaning of the parameters of
roc GALERKIN (int NC, MS vecvec ALFA,

proc (vec,real) vec X,

proc (vec,real) mat PSI) bool

s as follows:

C: The positive integer N of the determining system [4,(2.9)]. The input

of NC is a value = m+l.

: The integer m in (2.1). The input of MS is some positive integer.

LFA: The sequence o = (aO'al""'aZm)' ALFA[i]I[j] contains the j-th com-
ponent of the coefficient vector a, . The input of ALFA should be some

initial approximation for the Newton iteration process [4,(2.12) 1.

The output of ALFA is the sequence a which defines (2.1).

This procedure defines the vector X(x,t) of (1.1). An example of its

use is given in section 3.




PSI : This procedure defines the Jacobian matrix with re-

spect to x. An example of its use is given

On exit GALERKIN delivers the value true if the en per-

formed successfully, and false if the Newton ite not con-
verge within the maximal number of iterations al or occurs
in the LU-decomposition of the system [4,(2.12)] roken off.

In both cases a message is given by the program

.proc galerkin = (.int nc, ms, .vecvec alfa,
.proc (.vec , .real ) .vec
.proc (.vec , .real ) .mat
( # initialization #

# genvvec, resp. genmmat reserves heap memory essed
by an object of the mode vec, resp. mat, a ject
of the mode vecvec, resp. matmat. for furth
description in the prelude.

#
.int nc2 = 2*nc, ms2 = 2*ms;
.int upbx = .upb alfa[ms2];

.vvec f = genvvec(ms2, upbx);
.mmat jac = dgenmmat(ms2, upbx);
.vecvec xm t = .heap [l:nc2] .vec ;

[l:nc2) .real sin t, cos t;
.for i .to nc2
.do .real ¢ti = (2*%i-1l)/nc2 * pi;
sin t[i] := sin(ti); cos t[i] := cos(ti)
.od ;

¢ computation of a trigonometric polynomial.
see theorem 4 in the paper of urabe and rei
#
.0p .compute = (.vecvec xm t) .void :
( .vec c¢cU, cl, c2, ¢c3, c; .vec zero = .heap
.vecvec alfac = alfa; .int msc = ms, ms2c
.for i .to upbx .do =zero[i] := 0.0 .od ;
.for 1 .to nc2
.do c0 := alfac[ms2c];
cl := zero; c2 := zero; c3 := zero;
.real cos ti = cos tl[i];
.for j .from msc-1] .by -1 .to U
.do ¢ := alfac[2*j+1l] + 2*cos ti*cl - .
c := alfac[2*]] + 2*cos ti*cU - )

non
an

.od ;
xm t[i] := c0 + sin t[i]l*cl - cos ti*c
.od
); # compute xm #




>utation of the functions f given by formula (2.
:r of urabe and reiter.

.compute = (.vvec ff) .void :
itialize ff # on zero #;
svec f = vv .of ff;
:vec xmc t = xm t, alfac = alfa;
: msc = ms, nc2c¢c = nc2, ncc = nc;
i .to nc2c
.real ti = (2*i-1)/nc2c * pi;
.vec xm ti = xmc t[i];
.vec x ti = x(xm ti, ti);
fl0] +:= x ti;
.real sin ti = sin tli], cos ti = cos t[i];
.real sin nti := sin ti, cos nti := cos ti;
.for n .to msc
.do f[2*n-1] +:= sin nti * x ti;
fl2*n] +:= cos nti * x ti;
.real sin = sin nti;
sin nti := sin*cos ti + cos nti*sin ti;
cos nti := cos nti*cos ti - sin*sin ti
.0d
’
/:= .real (nc2c);
n .to msc
f(2*n-1] /:= .real (ncc); £f[(2*n-1] +
f[2*n] /:= .real (ncc); f[2*n] -

:ompute f #

)utation of the elements of the jacobian matrix
wla (2.11) in the paper of urabe and reiter.

compute = (.mmat jac) .void :
.tialize jac # on zero #;
:mat  j = mm .of jac; .vecvec xmc t = xm t;
msc = msS, ncc = nc, nc2c = nc2;
i .to nc2c
.real ti = (2*i-1)/nc2c * pi;
.vec xm ti = xmc t[i]; .mat psi ti = psi (x
JjlO,0] +:= psi ti;
.real sin ti = sin t[i], cos ti = cos t[i]:;
.real sin pti := sin ti, cos pti := cos ti;
.for p .to msc
.do .int p2 = 2*p; .int p2ml = p2-1;
jl0,p2ml] +:= sin pti * psi ti;
jl0,p2] +:= cos pti * psi ti;
.real sin nti := sin ti, cos nti := cos
.for n .to msc
.do .int n2 = 2*n; .int n2ml = n2-1;
jin2ml,p2ml] +:= sin nti * sin pti *
j[n2ml,p2] +:= sin nti * cos pti
jln2, p2] +:= cos nti * cos pti *
.real sin = sin nti;
sin nti := sin*cos ti + cos nti*sin
cos nti := cos nti*cos ti - sin*sin

*

.od ;

.real sin = sin pti;

sin pti := sin*cos ti + cos pti*sin ti;
cos pti := cos pti*cos ti - sin*sin ti

.0d

-

the

ilfac[2*n];
1lfac[2*n-1]}

by

ti);




0,0] /:= .real (nc
or p .to msc
0 .int p2 = 2%*p;
.mat (jl[p2ml,u]
.mat (j[p2, 0]
i ;
or n .to msc
2 .int n2 = 2%p;
j[n2ml,0] /:= .
.for p .to ms
.do .int p2 =
.mat (j[n2
j[n2ml,p2m
j[n2ml,p2
. 3j[n2, p2m
jln2, p2
.0d ;
jln2ml,n2 ] +:
i
compute jac #

wton #

L eps = 1.0 e-11;
le .compute =xm t
.compute f;
.compute jac;
( .not decsol
! print((newli
error
);
sqrt(.sqr (v
alfa -:= vv .of
1it > 10
int((newline, 10*"
" 1U iteratio
rue

ilerkin %

j[n2,0] /:= .real

p2ml = p2-1;

[p2ml,n2];

. (ncc);
(ncc) ;
(ncc) ;
(ncc)

j(n2,n2ml] -:= .1

= 0;
v .of f)
" error in lu decc )

'S .and nonit <=
1l .o0d ;

process did not ¢ hin"
e




.2. Compute M

This routine estimates the upperbound M [4,p.117, section D] and com-
1tes the multipliers of dy/dt = w(xm(t),t)y, Y (x,t) being the Jacobian
itrix of X(x,t) with respect to x [4,p.118]. The meaning of the parameters

roc COMPUTE M (int LABDAQO, MS, vecvec ALFA,
covec MULTIPLIERS.

proc (vec,real) mat PSI) real

3 as follows:

\BDAO : The integer A, defining the stepsize h = ZW/AO for the Runge-Kutta-

0
method. The input of LABDAO is some positive integer.

See GALERKIN.

vl
.

JFA : See GALERKIN. Here, however, the input of ALFA should be the co-
efficients of a computed approximation xm(t). On exit, ALFA is un-
changed.

JLTI- : The multipliers of dy/dt = w(xm(t),t)y. No input is required. On

LJIERS exit, MULTIPLIERS contains the computed eigenvalues.

51 : See GALERKIN.

1 exit of COMPUTE M, the estimated upperbound M is assigned to COMPUTE M.
¢ is noted that this routine can be called subsequently for different
alues of AO. This may be desirable in order to get an indication on the
ccuracy of the results. In case the eigenvalue computation fails the

>utine gives a message (see source text).

)roc compute m = (.int 1labdal, ms, .vecvec alfa,
.ref .covec multipliers,
.proc (.vec , .real ) .mat psi) .real :

# initialization #

.int labdal2 = 2*labdal, ms2 = 2*ms;
.int upbx = .upb alfa[ms2];




)utation of a trigonometric polynomial,
theorem 4 in the paper of urabe and reite

xm = (.real t) .vec :
¢, cU, cl, ¢c2, c3 := .heap [l:upbx] .r
:vec alfac = alfa; .int msc = ms, ms2c =
j .to upbx .do «c¢3[j] := 0.0 .od ;
= alfac[ms2c];
= ¢c3; c2 := c3;
i1 cos t = cos(t), sin t = sin(t);
j .from msc-1] .by =1 .to 0
:= alfac[2*j+1] + 2*cos t*cl - c3; «c3
:= alfac[2*j] + 2*cos t*cl0 - c2; c2 w

an
[
[ ]
Qa0

~e we

H
- sin_t*cl - cos t*c2
:ompute xm(t) #

wutation of fundamental matrix phi #

it phi = .,heap [U:labda0] .mat ;
i .from 0 .to 1labda0
»hi[i] := .heap [l:upbx, l:upbx] .real

‘e kutta #

h = pi*2 / labdaV; .real h2 = h/2;
kO, k1, k2, k3, yn;

j .to upbx
hi[0][ ,J] := yn := j .unitvec upbx;
mat psi tn := psi(xm(0), 0), psi tnh2;
for 1labda .to labdal :
do .real t = labda * h;

2 := psi(xm(t-h2), t-h2);

psi tn * yn;
psi tnh2 * (yn + k0/2.0);
psi tnh2 * (yn + k1/2.0);
= psi(xm(t), t);
k3 := h * psi tn *. (yn + k2);
phi[labdal [ ,j] := yn := yn + (kO + 2 +k2) + k3)

| % ¥ %

el
]
-
cr
=]

od

)utation of sum of squares of elements of . h(t,s) #

phi 2pi = phi[labda0];

inv e min phi = .inv (.unitmat upbx - p D3
it inv phi = .heap [U:labdal] .mat ;
i .from 0 .to 1labda0

.nv phi[i] :=.inv (.heap [l:upbx,l:upbx] ¢= phi[i])

hc2 = (.int 1labda t, labda s) .real :
. hc =

ibda s <= labda t

ii[labda t] * inv e min phi * inv phi[labd

ii[labda t] * inv e min phi * phi 2pi * in labda s]

i1 sum :=

.for 1 .to upbx .do sum +:= .sqr hc| od .od ;




ual computation of the upperbc

mc := 0.0;

labda t .from 0 .by 2 .to

# simpson #

.real integral := hc2(labda t
hc2(labda t

.for 1labda s .from 2 .py 2

.do integral +:= 2*hc2(labda
4*hc2 (labda

integral *:= h/3;

mc := max(mc, integral)

sqrt{2*pi*mc);

putation of multipliers #
pliers := eigval (phi 2pi);

mpute m #

n#

)

b 4*hc2(labda t, 1

lau) ;
labdal-2
da s) +
>da s + 1)

.od

’




OMPUTE R

fhis routine estimates the upperbound r [4,(2.13)]. At this place we

e from the paper of Urabe and Reiter. Let s(t) be the residual func-

dx (t)

=0 _
s(t) = 3t X(xm(t),t),

2t ti = im/P, i = 0(1)2P-1. We then set, straightforwardly,
r = max Hs(ti)“.
i

zaning of the parameters of

JOMPUTE R = (int P,MS vecvec ALFA,

proc (vec,real) vec X) real

follows:

The grid parameter to determine (2.3). The input of P is some posi-
tive integer. '

See GALERKIN.

See COMPUTE M.

See GALERKIN.

it of COMPUTE R the estimated value r is assigned to COMPUTE R. It is
that his routine can be called subsequently for different values of. P.

nay be desirable in order to get an indication on the accuracy of the




rompute r = (.int p, ms, .vecvec alfa,
.proc (.vec , .real ) .vec
:ialization #

p2 = 2*p, ms2 = 2*ms;
upbx = ,upb alfa[ms2];

)utation of a trigonometric polynomial,
theorem 4 in the paper of urabe and reite

xm = (.real t, .vecvec alfa) .vec :
c, c0, cl, c2, c3 := .heap [l:upbx] .r
msc = mMS, mMS2C = ms2;
j .to upbx .do c¢3[j] := 0.0 .od ;
alfa[ms2c];
c3; c2 := c3;
11 cos t = cos(t), sin t = sin(t);
j .from msc-1 .by -1 .to U
:= alfa[2*j+1] + 2*cos t*cl - c3; «c3
:= alfa[2*j] + 2*cos t*cU0 - c2; c2

-

- sin t*cl - cos t*c2
:ompute xm(t) #

)atation of r #

wute coefficients for the derivative of xm
¢ alfad := .heap [U:ms2] .vec ;

0] := .heap [l:upbx] .real ;

i .to upbx .do alfad[0][i] := 0.0 .od ;
i .to nms

1fad[2*i] := .real (i) * alfa[2*i-1];
lfad[2*i-1] := -.real (i) * alfa[2*i]

rs := 0U;
i .to p2
real ti = i*pi / p;
real rsi = sqrt(.sqr (xm (ti, alfad) - x

s := max(rsi, rs)

pute r #




’he prelude

e of matrix and. vector routines
. computation of periodic solutions to
ic differential systems.

.vec = .ref [] .real ,
.covec = .ref [] .compl ,
.mat = .ref [,] .real ;
.vecvec = .ref [] .vec ,
.vecmat = .ref (] .mat ,
.matmat = .ref |[,] .mat ;
.vvec = .struct (.vec v, .vecvec vv),
.mmat = ,.,struct (.mat m, .matmat mm);

e mode vvec, resp. mmat, is createa to permit the addressing
a specific part of the heap by an object of the mode vec, resp.
t, as well as by an object of the mode vecvec, resp. matmat.

genvvec = (.int ubl, ub2) .vvec :
widthl = ubl+l, width2 = ub2;

: v = ,neap [l:widthl*width2] .real ;
'vec vVvv = .heap [0:ubl] .vec ;
index := 0;
i .from 0 .to ubl
vv[i] := v[index+l:index+width2];
index +:= width2
H
vV)
jenvvec reserves heap memory for the elements of an object of the

lode vvec, say s.
r .of s will contain a reference to [l:(ubl+l)*ub2] .real and
v .0f s a reference to [0:ubl] .vec , where each element consis
'f a reference to [l:ub2] .real .
I((vv .of s)[i]l[j]) = @((v .of s)[i*ub2+j]).

d: address of)




proc genmmat (.int ubl, ub2) .mmat :
.int widthl ubl+l, width2 = ub2;
.int width = widthl * width2;

.mat m = .heap [l:width,l:width] .real ;

.matmat mm = .heap [U:ubl,O:ubl] .mat ;

.int indexl := 0;

.for i .from 0 .to ubl

.do .int index2 := 0;

.for j .from 0 .to ubl

.do mm[i,]j] := m[indexl+l:indexl+width2,

index2+1:index2+width2];
index2 +:= width2

.0d ;

indexl +:= width2

.0d ; )

(m, mm)

# genmmat reserves heap memory for the elements of an object of
mode mmat, say s.
m .,0f s will contain a reference to
[1:(ubl+l)*ub2,1: (ubl+l)*ub2] .real and mm .of s a referenc
[(Osubl,0:ubl] .mat , where each element consists of a referen:
[l:ub2,1:ub2] .real .

@((mm .of s)[i,jl(k,1]) = @((m .of s) [i*ub2+k,j*ub2+1]).
( @: address of)

op .initialize = (.vvec vvv) .void :
.vec v = v .0f vvv; 1
.for i .to .upb v .do v[i] := 0.0 .od
; # initialize vvec on zero #

)p .lnitialize = (.mmat mmm) .void :
.mat m=m .,of mmm; .int n = .,upb m;
.for i .to n
.do .for j .to n

.do m[i,]j] := 0.0 .od
.0d
} # initialize mmat on zero #

>rio .unitvec = 8;

)P .unitvec = (.int i, upb) .vec :
.vec e = .heap [l:upb] .real ;

.for j .to wupb .do e[j] := 0.0 .od
e[i] := 1.0;

e

# unitvec #

°
’

)P .unitmat = (.int upb) .mat :

.mat e = .heap [l:upb,l:upb] .real

.for i .to upb

.do .for j .to wupb .do e[i,j] := 0.0 .od
e[i,i] = 1.0

.04

e

# unitmat #

°
’




.proc

o
v

0P .

( .rea
.for
norm

.0p +
( .ﬁor

.0op +
( .int
.for
.do

.od
ml
); # m

.0p -
( .for
.do

): # Vv

11 a, b) .real :

11 Xx) .real : x*x;

v) .real :
.03
W v .do norm +:= .,sqr v[i]

vl, v2) .vec :
b vl
2[1] .od ;

; V2) .vec :
'l; .vec v = ,heap [l:n] .re
do v[i] := vl|li] + v2[i] .od

m, .real r) .mat :
o m
r .od ;

* unit mat #
ml, m2) .mat :
ml;

n
] +:= m2[i,j] .od

vl, v2) .vec
b vl
'2[i] .od ;

s V2) .vec
'l; .vec v
do v[i] :

.heap ([l:n] .re
= vl[i] - v2[i] .od




op =:= = (.mat m
.for i .to .upb
.do m[i,i] =-:=r
m

; # mat -:= real *

o)p - = (.mat ml,
.int n = ,upb ml
.for i .to n
.do .for Jj .to
m

} # mat - mat #

)§p -:= = (,vecvec
.int nl = .upb
.for i .from U
.do .for 3j .to
.do wvvl([i][

.0d ;

vvl

# vecvec -:= vec

)P * = (.real r,
.int n = ,upb v
.vec vc = .heap
.for i .to n
.do vc[i] := 1 *
ve

# real * vec #

) * = (.vec vl,
.real inprod :=
.for i .to .upb
inprod

$¢ innerproduct o

)p * = (.real r,
.int n = ,upb m
.mat rm = ,heap
.for i .to n
.do .for J .to
.do rm[i,]]

.0d ;

rm

$# real * mat #

1 r)

mat #

mat

mii,

. Vecv

int n

vv2[i

V) .V

.real

real ¢
o inp

ors #

yl:n] .real

il - m2([i,3])

:cvec @
r1[nl];

J % v2[i] .c




* = (.mat m, .vec V) .vec :
> n = .,upb v;
> mv = .,heap [l:n] .real ;

1 .to n
.real s := 0.0;
.for j .to n
.do s +:=m[i,j] * v[j] .od
mv[i] := s

nat * vec #

"= (.mat ml, m2) .mat :

n = .upb ml;
m = .heap [l:n,l:n] .real
j .to n

m[{ ,3] :=ml * m2[ ,j] .od ;

1at * mat #
's= = (.vec vV, .real r) .vec
i .to .upb v
vii}] /:=r .o0d ;
'‘ec /:= real #
"= (.vec v, .real r) .vec :
n .upb v;
w .heap [l:n] .real ;
i .to n
wli] := v[i]/r .o0d ;
ec / real #
:= = (.mat m, .real r) .mat
n = ,upb m;
i .to n
.for j .to n
.do m[i,j] /:=r .od
H
at /:= real #




>roc eigval = (.mat m) .covec :

# computation of complex eigenvalues of a square matrix.
first the matrix is transformed to hessenberg form, next a sch
decomposition is performed with mixed single and double shift.
( see louter-nool, m., the calculation of eigenvalues and inva
subspaces, report nw, mathematisch centrum, amsterdam (to appe
in case the order of m is less than three the eigenvalues ar
directly computed.

¥

.int n = .,upb m; .covec eigval = .heap [l:n] .compl ;
(n=1

{ eigval([l] := m[1l,1]

l:n =

1

.real mll = m[l1l,1], ml2 = m[1l,2]), m21l = m[2,1], m22
.real mllpm22 = mll + m22;

.real discr = .,sqr mllpm22 - 4* (mll1*m22-ml2*m21);
( discr >= 0

! .real sqrt discr = sqrt(discr);

m(2,2];

eigval[l] := ((mllpm22 + sqrt discr)/2, 0.0);

eigval[2] := ((mllpm22 - sqrt discr)/2, 0.0)
! .real sqrt discr = sqrt(-discr);

eigval(l] := (mllpm22/2, sqrt discr/2);

eigval(2] := (mllpm22/2,-sqrt discr/2)

.int nev = schur (m, eigval); nev > 0

print((newline, 10*" ", " only", whole(n-nev,-3), " eigenval
"are found"));

.for i .to nev .do eigval[i] := (0.0, 0.0) .od

)

! hessenberg (m);
(
!

)
)

eigval

: # eigval #

>roc hessenberg = (.mat m) .void :
.int n = .upb m; .real norm := 0.0;

.for i .to n
.do .for j .to n
.do norm := max (.abs m[i,j], norm) .od
.0d ;
.for k .to n-2
.do .int kpl = k+1l; .real maxi := U.U;
.for i .from n .by -1 .to k+2
,d0 maxi := max (.abs m[i,k], maxi) .od ;
( maxi >= small real * norm
! maxi := max (.abs m[kpl,k], maxi);
m(kpl:n,k] /:= maxi;
.real sigma = sqrt(.sqr m[kpl:n,k]) * ( m[kpl,k] < 0! -1
.real x = m[kpl,k] +:= sigma;
.real pik = sigma * x;
.for j .from kpl .to n
.do m[kpl:n,jl-:=m[kpl:n,k]*m[kpl:n,j]/pik * m[kpl:n, k]
.for i .to n
.do m[i,kpl:n]-:=m[i,kpl:n]*m[kpl:n,k]/pik * mlkpl:n,k]
m{kpl,k] := -maxi * sigma
)
.od
i # hessenberg #




schur = (.mat m, .covec ei
: count; .int n = ,upb m; .i
il tol = 1.0 e-13;.real corr

>¢ rot2 = (.ref .real <c, s)
real maxi = max (.abs c, .abs
/3= maxi; s /:= maxi;

eal delta = sqgrt (c*c + s*s)
/:= delta; s /:= delta;

1Xxi * delta

)ic rot3 = (.ref .real a,b,c,
'eal maxi = max (.abs a, max(
/:= maxi; b /:= maxi; ¢ /:= m
'eal sigma = sqrt (a*a + b*b
+:= sigma; pi := a * sigma;
1IXi * sigma

)¢ grsingle = (.int 1, u, .r

rec tau; .real «cl, sl;

1,1] -:= shift;

‘or k .from 1 .to u-1

lo .int kpl = k+1; m[kpl,kp
.real c¢ := m[k,k], s :=m
.real rot := rot2 (c, s);
( k> 1! m(k,k=1] := rot*s
m[k,k]:=rot;
tau := .heap [l:u-k] .rea
m[k,kpl:u] := c*tau + s*m|
m{kpl,kpl:u] := c*m[kpl,kp
tau := .heap [l:kpl-1] .r
m[l:k,k] := c*tau + s*m[1l:
m{l:k,kpl] := c*m[l:k,kpl]
m[k,k] +:= shift;
cl := ¢c; sl := s

d

want +:= 1
grsingle #

u,u-1] := sl*m[u,u]; mfu,u] :

10*n;
) e=7;

iC))g;

.void :

e

+ shift;




.proc grdouble

(

)

=
.int 1lpl =1 + 1
.for k .from 1-
.do .int kpl =

(k> 1

! ml := m[kpl, k]
m[{l,1] =-:= shi
m2 := m[uml,um

ml := (m[1l,1]
m2 := m{l,1] +
m3 := m[1+2,1p

.real pi;

.real rot = rot
( k < 1! m[kp3,k
m{kp3,kp3] -:= s
tau:= (ml*m[kpl,
m[kpl,kpl:u] =-:=
m[kp2,kpl:u] =-:=
m[kp3,kpl:u] =-:=

.int min = ( kp

tau :=(ml*m[l:mi
m[{l:min,kpl] =-:=
m{l:min,kp2] =-:=
m[{l:min,kp3] -:=
m[kpl,kpl] +:= s
.0d ;
.real ml := m[uml,u-
m{uml,u=2] := rot2 (m
tau := .heap ([1:2]
m[uml,uml:u] := ml*ta
m[u,uml:u] := ml*mfu,
tau := .heap [l:u-1+
m{l:u,uml] := ml*tau
m{l:u,u] := ml*mf{l:u,
m{uml,uml] +:= snift;
count +:= 1
: # grdouble #

.proc deflation = (.in

(

)

.int bg := u; .bool
.while b .and bg >
.do ( .abs m[bg,bg-

.od ;
bg
; # deflation # .

1 shift) .void :
vec tau;

2, kp3 = k + 3, kpd = k + 4;

2,k]; m3 := m[kp3,k]

1] =-:= shift;

m3 := -m{u,uml] * m[uml,u];

) + m3) / m[lpl,1l] + m([l,1pl]
-m2;

13, pi);
m[kpl,k] := -rot );

m(kp2,kpl:u] + m3*m[kp3,kpl:u

kp4,kpl] := U; m[kp4,kp2] :=
4 );
m[l:min,kp2] + m3*m[l:min,kp3

u,u-2];

ml ,uml:u];
ml:u]j;

tau;
sm[l:su,uml];

il;

shift;

e

o0
[}
—

.false ; m[bg,bg-1] := 0 )




tart of schur #
t o9 := n; count := 0;
ile og > 0 .and count < maxit
.int bg = deflation (og); .int ogml = og -1;

( .int 1 = o0og - bg; 1 =0

! eiglog] := (m[og,og], 0.0); og := ogml

l:.real corr =
(1>1
! sqgrt(correction*.abs (m[og,ogml]*m[ogml,og-2])
1 0.0
)

.real delta (m{ogml,ogml] - m[og,o0g])/2;

.real det =

.real discr

discr < 0

1 (1 =1

! .real re =
eig[og] :
eigfogml] :
og =:= 2
grdouble (bg, og, m[og,og]l+corr)

m[og,ogml] * m[ogml,og];
= delta * delta + det;

delta + m[og,0og9], im = sqrt(-discr);
(re, im);
(re,-im);

.abs delta >= tol

delta := 1/delta;

s := -delta * det/(sqrt(.sqr delta*det+l) + 1)
sdet < .sqr delta! s := 0! s := sqrt(det)

!
)
l:.real s;
(
]

!
)
1 =1

! eig[og] := (m[og,0g9] + s, 0.0);
eigl[ogml] := (m[ogml,ogml] - s, 0.0);
og —-:= 2

! grsingle (bg, og, m[og,og]+s+corr)

)

°
’

schur #

vinv = (.mat m) .mat :

wersion of a square matrix using lu - decomposition.

1 case the order of m 1is less than two the computation is
rformed airectly.

: n = ,upb m;

1

eal x = m[l,1]; .abs x < small real * x*x
rint((newline, "singular matrix")); error; m
1,1] :=1/x; m

1] .int  p; .
1ot dec(m,p)! print((newline, "error in lu decomp"));error
: inv = .unitmat n;

j .to n

sol(m, p, inv[ ,j]) .od ;

inverse of matrix #




oroc decsol = (.m b) .bool :

# solution of 1lin 'y means of lu - decomposition
partial pivotin
incase the orde less than three the computati

performed direc

#
.int n = .upb b;
n=1
( .real x = all, = small real * x*x
I .false
! b[l] /:= x; .tr
)
tn = 2
.real all := all all,2],
a2l := al2 af2,2],
bl ":= b[l b(2];
.real eps = smal (all*all+al2*al2, a2l*a2l+a2,
( .abs all < .abs
! .real x := all s a2l := x;
X := al2 s a22 := Xx;
X := Dbl; b2 := x

);:

( .abs all < eps

! .false

l:.real x = a2l/ y
.abs y < eps

! .false

1 b2 3= b[2] = ( yi
b[l] := (bl - a ;
.true

a22 - al2*x;

)

[l:n] .int p;

( dec (a, p)! sol .true ! .false )
# decsol #




dec = (.mat a, .ref
1 - decomposition of a s
: n= ,upb p, .bool no
1] .real v; .real r :=

i .to n '

.real s = .sqr ali,

r := max (r, s);

v[ii] := 1/s

°
’

1l eps = small real * r
k .to n .while nots
.real max := 0.0, .in
.for i .from k .to
.do ( .real s = .abs
. * v
s > max! pk :=
od ;
max < eps
notsing := .false
.vec rowk = alk, ];
plk] := pk;
( pk /= k! [l:n] .re
alpk, ] =
.for i .from k+1
.do rowk[i] =-:= row
rowk[k+l: ] := 1/row

S tem ey @

5ing
lec #

sol = (.mat a, .ref
>lution of linear system
: n = .,upb p; ’
 k .to n

.int pk = plk], .real

b[k] :=(b[pk] - alk, :

( pk /= k! p[pk] =1

k .from n-1 .by -1

b[k] =:= alk,k+l: ] *
5ol #

.bool

.Vvec

= ali,

.vec
latrix

1) / ¢

= al ,kl;

* colk[ :k-1])

»id
lu - form #
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., TWO EXAMPLES

We shall give two examples to show how one can use

>r each example we list the ALGOL 68 program and its o

.1. The van der Pol equation

Our first example is the van der Pol equation cons

, p.133]:

a =Y
3.1)
dy _ 2 .
at - X + 0.1(1-x )y + 0.1 sin t.

or a specification of the various parameters, see the

cample urabe:
# procedure to print the computed galerkin approxima

.proc print xmt = (.vecvec alfa) .void :

(
.proc printalfa = (.real alfa) .voia :
print((" ( ", fixea(alfa, 12, 9), " )")):

print((newpage, "xm(t) = "))

.int upbx = .upb altal[u}, ms = .upd alfa .over

.for 3 .to upbx )

.ao0 printalfa(alfalull3l)); print((newline, 3*" ")

.for 1 .to ms

.do .vec alfasin = alfal2*i-1]}, alfacos = alfal2
print((newline, &*" ","+")); printalfa(alfasi
print((" . sin", wnole(i,=2),"t +"));
printalfa(alfacos[lj);
print((" . cos", whole(i,=-2), "t", newline));
.for Jj .from 2 .to upbx
.0 print(v*" "); printalfa(alfasinl(j]); pri

printalfa(alfacos|jl); print(newline)

.od

.oa

); # print xm(t) #

# rignt nana siade function of the problem #

.proc x = (.vec Xxm t, .real t) .vec :
( .real x = xm t[l]), v = xm t[2];

.hneap [l:2] .real :=

(y, =x + 0.1%(1-x*xX)*y + U.l*sin(t))
)

ubroutines.

in [4, exam

m text.

.0 n);




# jacobian of the right hand side function #

.proc psi = (.vec xm t, .real t) .mat :
( .real x = xm t|l), y = xm t[2];
.heap [1:2,1:2] ".real :=
((U.u , 1.0 ),
(=1.U - 0.2%x*y, U.l*(1-x*x)))

# computation of the galerkin approximation o r 15 #

.int nc = 32, ms = 15;

.vecvec alfa := .heap [U:2*ms] .vec ;

# initial approximation #

.for i .from U .to 2%*ms

.do alfa[i] := .heap [l:2] .real := (v.0, od ;
alfa[l][1l] :=-0.1423; alfa(2][1] :=-2.3783;
alfa[l][2] := 2.3788; alfa[2][2] :=

-0.1423;
galerkin ( nc, ms, alfa, x, psi);
print xmt (alfa);
# computation of tne upperbound m and the m iers.

(for three values of labdal)

e

.covec multipliers; # ms = 15 #

print((newline, newline, "labual",13*" ", "p" ", "multipliers"
newline));

.for i .to 3

.do .int labdau = ( i! 64, 128, 256 );

.real mc = compute m (labdaul, ms, alfa, pliers, psi);
print((whole(labdal,-4), 7*" ", float(mc 9, 3), 5*" ",
float(.re multipliers(l], 16, Y, v,
float(.im multipliers(l1l], 16, 9, i" ,newline, 32%*"
float(.re multipliers(2], 16, 9, v,
float(.im multipliers(2], 16, 9, i" ,newline,
newline))
.0d ;
# computation of the residual constant r. (fo e values of p)

#

# ms = 15 %
print((newline, newline, " p ",13%0 »,  wpn line));
.for i .to 3
.do .int p = ( i! 16, 32, b4 );
.real rs = compute r (p, ms, alfa, x);
print((whole(p,-4), 7*" ", float(rs, 1le, , hewline))
.0a




(VR VIVIVIVEVIVVAVYV)
(VVIVIVIVIVIVIVI VRV

0.1423301ul in 1t + ( =-2.378785902 ) . cos 1t
2.378785902 ( =0.142330101 )
0.0U0000000 in 2t + ( +0.000000000 ) . cos 2t
0.000000000U ( +0.000000000 )
‘U.U4186753Y in 3t + ( -0.004646924 ) . cos 3t
‘0.013940772 ( +0.125602617 )
‘0.000000000 in 4t + ( +0.000000000 ) . cos 4t
‘0.000000000 ( +0.000000000 )
-0.000215279 in 5t + ( +0.001223706 ) . cos 5t
‘0.006118531 ( +0.001076393 )
*U.000000000 in 6t + ( +0.000000000 ) . cos 6t
-0,000000000 ( +0.000000000 )
-0.000039873 in 7t + ( +0.000009756 ) . cos 7t
0. 000000000 in 8t + ( +0.000000000 ) . cos 4t
-0.000UU00U0 ( +0.000000000 )
-0.00000uU430 in 9t + ( -0.000001358 ) . cos 9t
-0.000012223 ( =u.000U03869 )

VIRV IVIVIVIVIVIVIVAV) inlot + ( +U.00000000OU ) . coslit
-0.000000000 ( =0.0000000V0 )
-0.0vuo0LL4? inllt + ( -0.00000U01Y ) . cosllt
0.00000UV204 ( +0.000000521 )

VI VIVISIVIVIVIO VIV inl2t + ( +0.000000000 ) . cosl2t
-0 .000U000UU ( -0.000000000 )

VR VIVIVIVIVEVIVIVR inl3t + ( 40.0000000U2 ) . cosl3t
-0.000000022 ( +0.000000010 )
FU.0OUU00UULUU inl4t + ( -U.U0V00000U0 ) . cosl4at
=0 .0uu00uuuy ( -0.000000000 )

S VRVEVIVIVIOIVAVI 0]V} inl5t + ( +0.000VU0000UU ) . cosl5t
-0.000000001 ( =0.000000001 )

m multipliers

5,700754181le +8.761171414e -1 +0.000000000e +0 i

+3.591301143e -1 +0.00000000Ue +0 i

5.712478531e +8.761186966e -1 +0.,00000000Ve +U i
+3.591344918e -1 +0.000000U00e +U 1

5.710251221e +5.701187707e -1 +U.000000000e +U i
+3.591343828e -1 +U.0u0000U00e +0 i

r

2.99%08505087e
.48944U6loe
7.4894400l0e

~




. Volterra-Lotka system

mr second example belongs to the class of Volterra-Lotka sys

ised in [2]:
ax _ (1+0.4 cos t)x - xy - 0.9 X2,
dt
dy
=2 = - + .
at Y Xy

specification of the various parameters, see the program te:

ra lotka:
‘ocedure to print the coamputea Jalerkin approximation #

)c print xmt = (.vecvec alfa) .voia :

roc printalfa = (.real alta) .voiau :
srint((" ( ", tixea(alfa, 12, 9), " )"));

;int ( (newpage, "xin(t) = "));
int upox = .upo altalu], ms = .upo alfa .over £;
tor J .to upbx
10 printalfa(alfalulljl); print((newline, v*" ")) .oa ;
tor 1 .to ims
10 .vec alfasin = altall*i-1}, alfacos = alfal2*i];
print((newline, o*" ","+")); printalfa(alfasin(1l]);
print((" . sin", whole(i,-2),"t +"));
printalfa(alfacosl|l]);
print((" . cos", whole(i,-2), "t", newline));
.for j .from 2 .to upox
.do  print(9*" "); printalfa(alfasinlj}); print(L1*" ")
printalfa(alfacos|3]); print(newline)
.0Qa
du
¥ print xm(t) #

ignt nana side function of tne proolem #

>¢c x = (.vec xim t, .real t) .vec :

real x = xm t[l], v = xm t[2];

jeap [1l:2] .real :=

(l1+u.4*cos(t)) *x = x*y -u.9*%x*x, -y + x*y)

acobian of the rignt hand siue function #

>c psi (.vec xm t, .real t) .mat :
real x xm t{l], vy = xm t[2]);

neap |l:2,1:4] .real :=

(1L + v.a*cos(t) - y - 1l.8*x, -x )
(Y , =1 + Xx)

)




>utation of tne galerkin approximati

nc = 32, ms = 15;
:c alfa := .neap [UL:2*ms] .vec ;
:ial approximation #

)1l := .neap [1:2] .real := (1.0 ,
.] := .neap [1:2] .real := (v.22 ,
'] := .heap [l:2] .real := (U.22 ,

i .from 3 .to 2*ms
ilfali] := .neap [1:2] .real := (U

iin ( nc, ams, alta, x, psi);
xmt (alfa);

jatation of thne upperbound m and t
tnree values of labdau)

imultipliers; # ms = 15 &
(newline, newline, "i1apaau",l13*"
newline));

"
14

1 .to 3

int lapbgau = ( 1! o4, 128, 2% );
real mc = compute m (lapbuavu, ms, a
rint((wnole(laouau,=4), 7*" ", floa

tloat(.re multipliers|l), lo,
float(.im multipliers|l}, lo,
tioat(.re multipliers|2], lo,
float(.im multipliers(2], lo,
newline))

watation Oof the residual constant r.

15

(newline, newline, " p "Ll3kn o,
i .to 3

int p = ( i! lo, 32, v4 );

real rs = compute r (p, ms, alfa,
rint((wnole(p,-4), 7*" ", float(rs,

.tipliers",

psi);

k0 u,
.ine,32*"

.ine,

i of p)

e))

14
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IVIVIVIVIVIVIVI |

IVIVIVEVIVIVIV AN

1021901 ) . t + ( +tUu.218472259 ) . cC

1lo57960 ) ( -U.u2l6814306 )

11225070 ) . t + ( +U.0UBUBOLU3 ) . cC

11969994 ) ( =0.00102671Y )

11231897 ) . t + ( tu.UulUT7U2737 ) . cC

10046970 ) ( +0.00U11l064485 )

uuslass ) . t + ( +U.UUUUBT5VY ) . C

IuuuSou2 ) ( tu.uvuUv2214 )

lJuub40Yy ) . E+ ( +tu.0UUVUUY0V2 ) . C

uuulu2 ) ( =U.vUUVUUU230 )

Iyuuu3ls3 ) . t + ( tu.uUuUUUUB4ES ) . C

IVIVIVAVIVIVAC I} ( —U.UVUUUUUUUD )

lyuvuuull ) . t + ( tu.uulUULUTL ) . C

VIVIVIVIVIVIVIS ( +0.U0UVLULULU )

[AVIVIVIVIVRVIV I t + ( tu.UUUUUVULUT ) . C

IVIVIVIVEVIVIV AN | (R VRVIVEVIOIVIVIVIVIV AN}

AVIVIVAVIVEVIV I t + ( +u.ulUUUUUULl ) . cC

VIVIVIVIVIVIVIRS| ( =u.0uULUVULLLUY )

VIVIVIVIVEVIVEN R © + ( +tU.0UULLVUUUU ) . C

EVIVIVIVIV VIV (Gl VIV RV IVIVIVEVIVIVIVIRS

(VIVIVIVIVEVY VR R o+ ( +tu.uvlUUULUUU ) . C

EVIVIVIVIVAVIV I | ( +U.U0UULOOUU )

uvuuuuy ) -+ ( +u.uvUluuuVUUl ) . cC

[VIVIVIVIVIVIV AR ( +0.UUUuUUULUU )

[VIVIVEVIVEVE VR N -+ ( +U.UUVUUULUL ) . C

(VIVIVIVIVIVIV AR ( —u.uuuvuuuuuy )

uuuuuuy ) . >+ ( +Uu.UUUlUUUULU ) . C

VIVIVIVIVIVIV NS | (R IRVIVIVIVIVIVIVIVIVINS )

[VRVIVIVIVIVEV IS -+ ( -v.vU0UUUUUUU ) . C

vyuuuuuu ) ( +U.VUUUULUUU )

m multipliers

367d843e +1 ,3Y30UYunse -1 +U.UUVU C+0 i
,907l4sulle -3 +U.UUUU C+y i

3ou3oze +1 ,3Y30UbYuze -1 +U.UuuU 40 i
,Y071ls4lYe -3 +U.U0UU C+u i

63l3bUe +1 ,3Y36Uosyle -1 +U.00UU S +U 1
.9071lloo33e -3 +U.uluu Lt

r
lov3oue-11
lovsdbve-11
lsy3bue-1l
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